Matrix Groups: Homework #11

Based on manifolds
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Problem 1

1. Let
St = {(mo,a:l, e Ty) LY TP = 1} C R+l

be n-sphere. Let N = (0,0, ...,1) and S = (0,0, ..., —1). Show that in the stereographic projection
the maps are

Xz Xz X
:S" —{N} - R"” > 0 T —
¥ { } ) (anxb ,l'n) (1_xn71_xn7 ’1—37”

and ify = (y1, 9, ---, Y, ), then

9071 :Rn _)Sn7 (y17y27“'7yn) = (y17y2"“a"y”2_1)'

2
lyl? +1
Also, the maps from S™ — {S} is ¥(x) = —¢(—x).

2. Show that the maps are smooth.

3. Compute the transition map 1 o ¢! and verify that the atlas consisting of the two charts (S™ —
{N},p)and (S" — {S}, 1) defines a smooth structure on S™.

Problem 2

In this problem we will use the regular value theorem to prove that S™ is an n-dimensional manifold.
Recall that for a smooth function f : R™ — R", we say that a € R™ is a regular pointif d f,, is of
full rank (that is, the rank of df, is n). The image f(a) is called the regular value.

Consider the function

n+1
[R5 R (29,21, T,) Za)f
i=0
1. Show that f is smooth.

2. Show that 1 is a regular value of f.

3. Hence, conclude that S™ is a smooth manifold of dimension n.

Problem 3

If M is a manifold of dimension n, then prove that any open subset U C M is also an n-

dimensional manifold.

Problem 4

[ Prove that the cone
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@ = {(m,y,z) ER3:z= \/x2-|-y2} CR3

is not a manifold.

Problem 5

Let M; C R% and M, C R% be two manifolds whose dimensions are m, and m., respectively.
Prove that the product space

Ml X M2 = {(p17p2) 'p; € Ml,p2 € M2} C Rd1+d2

is a manifold of dimension m; + ms.
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