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Problem 1

Let (𝑀, 𝑑) and (𝑁, 𝜌) be two metric space and 𝑓 : 𝑀 → 𝑁  be a conitnuous function. Prove or
disprove the statements. If the statement is true, then prove it and if false, provide a
counterexample.

1. If 𝑈  is an open (closed) set in 𝑀 , then 𝑓(𝑈) is open (closed) in 𝑁 .

2. If 𝐾 is boundedn in 𝑀 , then 𝑓(𝐾) is also bounded in 𝑁 .

3. If 𝐾 is compactn in 𝑀 , then 𝑓(𝐾) is also compact in 𝑁 .

4. If 𝐾 is bounded (compact) in 𝑁 , then 𝑓−1(𝐾) is bounded (compact) in 𝑀 .

Problem 2

Let

𝑀𝑟 = {𝐴 ∈ 𝑀𝑛(ℝ) : det𝐴 = 𝑟} and 𝑇𝑟 = {𝐴 ∈ 𝑀𝑛(ℝ) : tr(𝐴) = 𝑟},

where tr𝐴 denotes the trace of 𝐴.

1. Are 𝑀𝑟, 𝑇𝑟 open? Are they closed?

2. Are 𝑀𝑟, 𝑇𝑟 bounded?

3. Are 𝑀𝑟, 𝑇𝑟 compact?

Problem 3

Let 𝑀𝑛(ℝ) is equipped with the Euclidean metric. Then prove that the following maps are
conitnuous.

1. det : 𝑀𝑛(ℝ) → 𝑀𝑛(ℝ), 𝐴 ↦ det𝐴.

2. tr : 𝑀𝑛(ℝ) → 𝑀𝑛(ℝ), 𝐴 ↦ tr𝐴.

3. 𝜏 : 𝑀𝑛(ℝ) → 𝑀𝑛(ℝ), 𝐴 ↦ 𝐴𝑇 .

4. 𝜇 : 𝑀𝑛(ℝ) × 𝑀𝑛(ℝ) → 𝑀𝑛(ℝ), (𝐴,𝐵) ↦ 𝐴 ⋅ 𝐵.

5. 𝜄 : 𝐺𝐿𝑛(ℝ) → 𝐺𝐿𝑛(ℝ), 𝐴 ↦ 𝐴−1.

Problem 4

We define the inner product on 𝔽𝑛, where 𝔽 = ℝ or ℂ, as follows. Let 𝒛 = (𝑧1,…, 𝑧𝑛) and 𝒘 =
(𝑤1,…,𝑤𝑛). Then

⟨𝑧, 𝑤⟩ ≔ ∑
𝑛

𝑗=1
𝑧𝑗𝑤̄𝑗.

The norm on 𝔽𝑛 is defined as ‖𝒛‖ ≔ √⟨𝒛, 𝒛⟩. We define the following:

• Vectors 𝒙 and 𝒚 are called orthogonal if ⟨𝒙, 𝒚⟩ = 0.
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• The vectors 𝒙 and 𝒚 are called orthonormal if they are orthogonal and ‖𝒙‖ = 1 = ‖𝒚‖.

• A basis ℬ = {𝒗1,…, 𝒗𝑛} of a vector space 𝑉  is called an orthonormal basis if ⟨𝒗𝑖, 𝒗𝑗⟩ = 𝛿𝑖𝑗,
where 𝛿𝑖𝑗 = 0 if 𝑖 ≠ 𝑗 and 1 if 𝑖 = 𝑗.

Now prove the following are equivalent.

(i) A matrix 𝐴 ∈ 𝑂𝑛(ℝ), that is, 𝐴𝐴𝑇 = 𝐼 = 𝐴𝑇𝐴.

(ii) ⟨𝐴𝒙,𝐴𝒚⟩ = ⟨𝒙, 𝒚⟩ for any 𝒙, 𝒚 ∈ ℝ𝑛.

(ii) The rows of 𝐴 form an orthonormal basis of ℝ𝑛.
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