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Conventions

1. In all the problem below, unless specified, 𝑉 , 𝑊  denotes the vector spaces over ℝ.

2. Linear map and linear transformation will be used interchangeably.

Theory

Let {𝑣1, 𝑣2, …, 𝑣𝑚} and {𝑤1, 𝑤2, …, 𝑤𝑛} be bases of 𝑉  and 𝑊  respectively. Let 𝑇 : 𝑉 → 𝑊  be a
linear map. Since 𝑇 (𝑣𝑖) ∈ 𝑊  for each 𝑖, we can write

𝑇 (𝑣𝑖) = ∑
𝑛

𝑗=1
𝑎𝑖𝑗𝑤𝑗, 1 ≤ 𝑖 ≤ 𝑚.

Then the matrix of 𝑇  with respect to the above choice of bases is

[𝑇 ]𝑉𝑊 =

(
((
((
((
((
((
(𝑎11

𝑎12
⋮

𝑎1𝑖
⋮

𝑎1𝑛

𝑎21
𝑎22
⋮

𝑎2𝑖
⋮

𝑎2𝑛

…
…
⋱
…
⋱
…

𝑎𝑚1
𝑎𝑚2

⋮
𝑎𝑚𝑖

⋮
𝑎𝑚𝑛)

))
))
))
))
))
)

𝑚×𝑛

.

Problem 1

This problem we have already discussed in today’s lecture. Try to go through the steps and
think it through The portions which involve group theory, and if you are not comfortable, you
can skip that.

Consider all rotations of the plane ℝ2 about the origin. Work through the following steps to
describe each rotation by an explicit linear map and then identify the full set.

1. Rotation formula

Write the rotation by angle 𝜃 as a linear transformation:

𝑅𝜃 = (cos(𝜃)
sin(𝜃)

− sin(𝜃)
cos(𝜃) )

acting on column vectors (𝑥
𝑦).

Show that 𝑅𝜃 is linear and sends the unit circle to itself.

2. Basic properties

a) Prove that det(𝑅𝜃) = 1, so 𝑅𝜃 ∈ GL2(ℝ).

b) Show 𝑅𝑇
𝜃 𝑅𝜃 = 𝐼 , so 𝑅𝜃 ∈ SO(2).

3. Composition and inverses

Compute 𝑅𝜃𝑅𝜑 and prove:
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𝑅𝜃𝑅𝜑 = 𝑅𝜃+𝜑.

Identify the identity 𝑅0 and inverse 𝑅−1
𝜃 .

4. Identify the set of all rotations

Let ℛ = {𝑅𝜃 : 𝜃 ∈ ℝ}.

a) Show ℛ is closed under composition and inverses, hence a subgroup of GL2(ℝ) (the subgroup
part can be left for now).

b) Show ℛ ⊆ SO(2).

c) Prove that any 𝐴 ∈ SO(2) equals 𝑅𝜃 for some 𝜃. Conclude ℛ = SO(2).

5. Group isomorphisms. This part will be discussed later.

Show:

ℛ ≅ 𝑆1 ≅ ℝ/2𝜋ℤ

via the maps 𝑅𝜃 ↦ 𝑒𝑖𝜃 and 𝜃 ↦ [𝜃].

Problem 2

The following problem discusses the relation between composition of linear maps and
corresponding matrices.

Let 𝑉 , 𝑊, 𝑈  be vector spaces. Let {𝑣1, …, 𝑣𝑚}, {𝑤1, …, 𝑤𝑛} and {𝑢1, …, 𝑢𝑘} be bases for 𝑉 , 𝑊  and
𝑈 , respectively. Let

𝑇 : 𝑉 → 𝑊, 𝑆 : 𝑊 → 𝑈

be linear maps. Let 𝐴 and 𝐵 be the matrices associated with 𝑇  and 𝑆, respectively. Then the matrix
associated with 𝑆 ∘ 𝑇  is 𝐴𝐵.

Hint: Write

𝑇 (𝑣𝑖) = ∑
𝑛

𝑗=1
𝑎𝑖𝑗𝑤𝑗 and 𝑆(𝑤𝑗) = ∑

𝑘

𝑟=1
𝑏𝑗𝑟𝑢𝑟.

Then show that 𝑆 ∘ 𝑇 (𝑣𝑖) = ∑𝑘
𝑟=1 𝑐𝑖𝑟𝑢𝑟, where 𝑐𝑖𝑟 = ∑𝑛

𝑗=1 𝑎𝑖𝑗𝑏𝑗𝑟. Finally conclude that the matrix
is 𝐴𝐵.

Problem 3

For a linear transformation 𝑇 : 𝑉 → 𝑊 , define

ker 𝑇 ≔ {𝑣 ∈ 𝑉 : 𝑇 (𝑣) = 0} and
im 𝑇 ≔ 𝑇(𝑉 ) = {𝑤 ∈ 𝑊 : ∃𝑣 ∈ 𝑉  such that 𝑇 (𝑣) = 𝑤}.

Show that ker 𝑇  is a subspace of 𝑉  and im 𝑇  is a subspace of 𝑊 .
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Hint: For a vector space 𝑉 , to check 𝑊  is a subspace of 𝑉  it is enough to check the following
properties:
• Closed under addition
• Closed under scalar multiplication
• 0 ∈ 𝑊

Problem 4

Find the range (dimension of the image) and kernel of 𝑇 : ℝ3 → ℝ3 defined by

(
((
(𝑥

𝑦
𝑧)
))
) ↦

(
((
( 𝑥 + 𝑧

𝑥 + 𝑦 + 2𝑧
2𝑥 + 𝑦 + 3𝑧)

))
).

Problem 5

Let 𝑉 = ℝ2. Let ℬ = {(9, 2), (4, −3)}; and 𝒞 = {(2, 1), (−3, 1)} be ordered bases of 𝑉 . Find the
change of basis matrix 𝑃𝐶←𝐵 and 𝑃𝐵←𝐶  if ℬ and 𝒞 are ordered bases of ℝ2.
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