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Course information
e Course name : Lorentzian and semi-Riemannian Geometry
e Instructor : Sachchidanand Prasad
e Contact : sachchidanand.prasad@mathematik.uni-goettingen.de

 Office - 2.110 (Institute for Numerical and Applied Mathematics, Lotzestrafle,
37073 Gottingen)

e Classroom : SZ (Mathematisches Institut)
e Time : Friday 12:15 - 13:45
* Course webpage : Link to the course website

e References :

[1] Global Lorentzian Geometry, by John K. Beem and Paul E. Ehrlich.

[2] Semi-Riemannian Geometry with Applications to Relativity, by Barrett
O’Neill.

[3] Techniques of Differential Topology in Relativity, by Roger Penrose.

* Evaluation : The evaluation will be done by presentation of a project. A paper
will be assigned to a group of students and they will present it in the class. The
project will be evaluated based on the presentation and the report (a detailed
writeup of the project) submitted.

e Papers : The following papers/projects will be assigned to the students for
presentation:

> Existence of Lorentzian Metric on a Smooth Manifold [O’N83]

> Wrapped products [O’N83]
Study of the wrapped product of Lorentzian manifolds.

> Paracompactness of Lorentzian Manifolds
A smooth Hausdorff manifold admitting a Lorentzian metric is paracompact.
A Condition for Paracompactness of a Manifold[Mar73]
K. B. Marathe
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> Timelike Cut Locus
Study of the timelike cut locus in space-time geometry.
The Space-Time Cut Locus [BE79]
J. K. Beem and P. E. Ehrlich

> Null Cut Locus
Exploration of the null cut locus in Lorentzian geometry.
The Space-Time Cut Locus[BE79]
J. K. Beem and P. E. Ehrlich

> Morse-Index Theorem for Null Geodesics
A theorem relating the Morse index to null geodesics in space-time.
A Morse Index Theorem for Null Geodesics[Bee75]
J. K. Beem

> Comparison Theorems in Lorentzian Geometry
Cut points, conjugate points, and their role in comparison theorems.
Cut Points, Conjugate Points, and Lorentzian Comparison Theorems [BE76]
J. K. Beem and P. E. Ehrlich

> Geodesic completeness
Geodesic completeness in submanifolds of Minkowski space.
Geodesic Completeness of Submanifolds in Minkowski Space [BE80]
J. K. Beem and P. E. Ehrlich
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1 Scalar Product Space

(Lecture—l )

1.1 Introduction

Definition 1.1. A Riemannian manifold (M, gg) is a smooth paracompact manifold
with a positive definite inner product

g0|p t TyMox T,My — R
on each tangent space T, M.
In addition, if X,Y are smooth vector fields on M, then the function
My >R, peg(X,Y)(p) = g0, (Xp. V)

is smooth.

* The Riemannian structure g, : TMgx TMy — R, then defines the Riemannian
distance function

do : MO XMO — [0,00);
as follows:

Let Q, , is the set of piecewise smooth curves in M from p to q. Given
acurve y € Q, o with y: [0,1] — M, there is a finite partition

O:t0<t1<t2<...<tk:1

such that y|[t_ o] is smooth for each i. Then the Riemannian arc length
1241+

of y is give by

Length

k=1t
L) =Y [ alr @)y
i=0 i

The Riemannian distance will be

Distance

do(p,q) = inf{LO(V) 'Y€ Qp,q}-

* The Riemannian distance satisfies the following properties:

Lorentzian and semi-Riemannian Geometry
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1. dy(p,q) =4do(q,p), p,q€M,.
2. dy(p,q) = 0if and only if p = g.

3. do(p,q) < do(p,r) +do(r,q), p.g9,r€Mo.
4. dy: Myx My — [0,00) is continuous, and the metric balls
{B(p,€) : p € My,e >0}
forms a basis for the given manifold topology, where B(p,e) = {g € M, :
do(p,q) <e}.

* Since (M, dy) is a metric space, now we can talk about its completeness and for
that we have Hopf-Rinow theorem.

Theorem 1.2. For any Riemannian manifold (M, ), the following are equiva-
lent:

1. (My,dy) is a complete metric space.

2. For any v € TM), the geodesic y(t) in My with y(0) = v is defined for all
telR.

3. For some p € My, the exponential map exp,, is defined on the entire tangent
space T,M, to My at p.

4. Every subset N C M that is dy bounded, that is, sup{dy(p,q) : p,q € N} has
compact closure. Furthermore, if one of (1)-(4) holds, then

5. given any p,q € N, there exists a smooth geodesic segment y joining p to q
such that Lo(y) = do(p,q)-

A Unfortunately, none of these statements is valid for arbitrary
Lorentzian manifolds.

* We know that every smooth manifold is a Riemannian manifold. Does there

exists a complete Riemannian metric? This was first answered by Nomizu and
Ozeki in [NO61].

Two Riemannian metrics f and g are conformal if there exists a smooth
function f : My — R such that

f=eg.

Recall

Theorem 1.3. [NO61] For any Riemannian metric g, on M, there exists a

Lorentzian and semi-Riemannian Geometry
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complete Riemannian metric which is conformal to g.

Theorem 1.4. [NO61] For any Riemannian metric g, on M, there exists a
bounded Riemannian metric which is conformal to g.

1.2 Bilinear Form

We will start with recalling the symmetric bilinear forms.
* A bilinear form on a vector space V is a bilinear map

B:VxV >R

It is symmetric if B(v,w) = B(w,v) for v,w € V.

Symmetric Bilinear Forms

Positive Definite Positjive Semidefinite
B(v,v)>0,Yv=0 B(v,v) >0, Vv Nondegenerate
Negative Definite Negative Semidefinite B(v,w) :91 Ov v
B(v,v)<0, Vv =0 B(v,v) <0, Vv — V=

» We will call B to be (semi)definite if it is either positive or negative (semi)definite.
Note. For a given symmetric bilinear form B on V, we note that

Bis definite &< B is semidefinite and nondegenerate.

Proof. If B is definite, then it is clear that B is semidefinite and nondegenerate. For
the other part, let B be semidefinite and nondegenerate. To prove that B is definite,
let us assume that B(v,v) = 0. Then for any w e V,

B(v+w,v+w) =2B(v,w)+ B(w,w) >0
B(v-w,v—w) =-2B(v,w) + B(w,w) > 0.
Using these two equations, for any w € V, we get

2|B(v,w)| < B(w,w) = 2|B(v,w)|<AB(w,w) Y A1>0
— B(v,w) =0 = v =0.

Lorentzian and semi-Riemannian Geometry
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For a vector subspace W < V, and symmetric bilinear form on B on V/, it is clear
that the restriction B|wa = B|W of B to W is again a symmetric bilinear form. It
also preserves the semi(definite) property on the restriction.

Definition 1.5. Let B be a symmetric bilinear form on a vector space V. The index of
B is defined as

ind(B) := max{dimW : W Vand B|W><W is neg. def. }

Remark. Let dim V = n. It is clear that
* 0<ind(B)<n
» ind(B) =0 < B is positive semidefinite.
* ind(B) = n < B is negative definite.

Given a symmetric bilinear form B, we define the quadratic form associated with B as
a function
Q: V>R, Q(v)=B(v,v) YveV.

By the polarization identity, we can recover the bilinear form from Q as

1

B(v,w) =7 [Qv+w)-Q(v) - Qw)].

Therefore, all the information of B are enclosed in Q.

Let B ={ey,e,,...,¢e,} be a basis of V, then the matrix of B with respect to 5 is given
by

[B]I] = [B(ei,ej)]lsi’jg.
It is clearly symmetric and completely determines B. We can characterize the
nondegeneracy of B by its matrix with respect to any basis.

Lemma 1.6. A symmetric bilinear form is nondegenerate if and only if its matrix with
respect to one (and hence every) basis is invertible.

Proof. Let B be a symmetric bilinear form on a vector space V and v € V. Let
B(v,w)=0forwe V. Let B=/{ey,ey,...,e,} be abasis of V. Then, foreach1 <j<mn,

B(U,(:‘]') =0 = B(Zviei,ej] =0

i

Lorentzian and semi-Riemannian Geometry



1 Scalar Product Space 5

- Zvi . B(ei,e]-) = 0.

i
Thus,
Bis nondegenerate < v =0 < (vq,vy,...,v,) =0

< kerB = {0}
<= B s invertible.

(Lecture—Z )

1.3 Scalar product space

Definition 1.7. A scalar product g on a vector space V is a nondegenerate symmetric

bilinear form. We will call (V,g) a scalar product space. An inner product is a
positive definite scalar product.

Example 1.8. (i) The standard dot product on R”,

n

V-W = E viwi,

i=1
is an example of an inner product.

(ii) Changing one sign in the definition of the dot product on R? gives the
simplest example of an indefinite scalar product. We call this space two-
dimensional Minkowski space, R%. The scalar product on R¥ is defined as

g:RZXRZ—)R, g(V,W) :—v1w1+v2w2. (11)

It is clear that g is symmetric and bilinear. To prove that it is nondegenerate,
let for any w € R?, g(v,w) = 0. Set w = (1,0) and then (0,1), we get

¢g(v,(1,0)) =0and g(v,(0,1)) =0 = v1 =1, =0 = v=0.
To see that g is indefinite note that

g((1,0),(1,0)) =-1, g((0,1),(0,1)) =1>0, ¢((1,1),(1,1)) = 0.

Lorentzian and semi-Riemannian Geometry
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The corresponding quadratic form is Q(v) = —v{ +v3.

Let (V,g) be a (finite dimensional) vector space with g being a scalar product.
A vector v = 0 is called a null vector if Q(v) = 0. Null vectors exist iff g is indefinite.
In ]R%, for any a > 0, the set Q = a and Q = —a are hyperbolas asymptotic to the the
null lines(Q = 0) (Figure 1).

Figure 1: Q in 2-dimensional Minkowski space

Two vector v,w € V are orthogonal, written v L w, if g(v,w) = 0. Analogously,
we call subspaces U and W of V are orthogonal, if g(u,w) = 0 for any u € U and
wew.

When the scalar product is indefinite, two vectors that are orthogonal
need not to be at right angles to one another as the following example
illustrates.

A

Example 1.9. Let w = (1,1) = w/, u = (1,0),u’ = (0,1) and v =
(1,v),v"=(v,1),v>0. Thenw L. w’,u L u”and v L v’ (see Figure 2).

In the above example the null vectors w,w’ are orthogonal which illustrates the
fact that a nonzero null vector is orthogonal to each itself. If W is a subspace of V,
let

Wht={veV:iviw, YweW}. (1.2)

It is clear that W+ is a subspace of V.

Lorentzian and semi-Riemannian Geometry
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A A=

A\ 4

Figure 2: Orthogonal vectors in R?

We cannot call W+ the orthogonal complement of W since, in general,
A W + W+ = V. For example, if W = span {w} in Example 1.9, then we have
W =W+,

However, the following properties hold for W-+.

Exercise 1.10. Let W be a subspace of a scalar product space V, then

(i) dim W +dim W+ =dim V

(ii) (WLt =w.

Note that a symmetric bilinear form g on V is nondegenerate if and only if
VL ={0}. A subspace W of (V,g) is called nondegenerate if g|w is nondegenerate.
When V is an inner product space, then any subspace W is again an inner product
space and hence nondegenerate. However, when g is definite, then there always
exists a degenerate subspace; for example, W = span {w}, where w is a null vector.
Hence a subspace of a scalar product space need not be a scalar product space. We
now give a simple characterization of nondegeneracy for subspaces.

Exercise 1.11 (Characterization of nondegenerate subspaces). A subspace W of a
scalar product space V is nondegenerate if and only if V=W & W=.

Lorentzian and semi-Riemannian Geometry
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Exercise 1.12. A subspace W of a scalar product space V is nondegenerate if and
only if W+ is nondegenerate.

We will now talk about norm of a vector. Since Q can take negative values, we
define the norm of any vector as

N|—

vl = 1g (v, v)|. (1.3)

A vector v is called a unit vector if its norm is 1, that is, g(v,v) = #1. In ]R%, the unit

circle will be
st = {(vl,v2) eR?*: —v? +v) = J_rl}

A family of pairwise orthogonal unit vectors is called orthonormal. Observe that the

N4

Figure 3: Unit circle in R?

set of n = dim V orthonormal vectors in V' is necessarily a basis for V. The following
results guarantee that any scalar product space has an orthonormal basis (ONB).

Lemma 1.13. A scalar product space V # 0 has an orthonormal basis.

Proof. We will show this by the method of induction on dimension of V, say n. If n =
1, choose 0 # v € V such that g(v,v) = 0 (this is possible because g is nondegenerate.
To see this, if ¢(v,v) = 0 for every v € V, then by using polarization identity for
any w € V, ¢g(v,w) = 0, which implies v = 0, a contradiction). Let e; = v/|v]|.
Then {e;} is an ONB for V. Suppose that for k-dimensional space we have an ONB,

Lorentzian and semi-Riemannian Geometry
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and we want to show that for k 4+ 1 dimensional space such an ONB exists. Let
{e1,e,,...,er} be an orthonormal basis for a k-dimensional subspace, say W. This
implies (by Lemma 1.6), W is nondegenerate and so is W+ (by Exercise 1.12). Let
ex.1 be a unit vector in W+ (same argument as for dim = 1). Then an ONB of V is

{el,...,ek+1}. []
« An ONB for R? can be given by

((1,0),(0,1)}, {(1,V2),(V2,1)}.

e The matrix of g relative to any orthonormal basis {e,...,e,} for V is diagonal,
more precisely,
g(eizej) = 5ij€j; where €j = +1.

e We shall order the vectors in an ONB in such a way that in the so called signature
(€1,...,€,) the negative signs come first.

Exercise 1.14. The following are easy properties for ONB.

(i) Let {eq,...,e,} be an ONB for V. Then any v € V has a unique representation

n

v = Zeig(v,ei)ei.

i=1

(ii) For any ONB {ey,...,e,} for V the number of negative signs in the signature
(€1,...,€,) is the index of V.

(iii) Let W be a nondegenerate subspace of V. Then ind(V) = ind(W)+ind(W+).

Let (V,g) and (W, h) be two scalar product spaces. A linearmap T:V - W
is said to preserve scalar products if h(Tvy,Tv,) = g(v1,v,). A linear isomorphism
T :V — W that preserves scalar products is called a linear isometry.

Exercise 1.15. Scalar product space V and W have the same dimension and
index if and only if there exists a linear isometry from V to W.

Lorentzian and semi-Riemannian Geometry
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1.4 Causality

A scalar product with index 0 is called a Riemannian scalar product and a vector
space with a Riemannian scalar product is called Riemannian scalar product space. A
scalar product with index 1 is called a Lorentz scalar product and a vector space with
a Lorentz scalar product is called Lorentz scalar product space.

If V is an n-dimensional Riemannian scalar product space, then there is a
linear isometry from V to R". If V is an n-dimensional Lorentz scalar product space,
then there is a linear isometry from V to RY.

Definition 1.16. Let (V,g) be a Lorentz scalar product space. Then a vector v € V is
said to be

(a) timelike if g(v,v) <0,

(b) spacelike if g(v,v) >0o0rv=0,

(c) lightlike or null if g(v,v) = 0 and v = 0.
(d) causal if v is timelike or lightlike.

The classification of a vector v € V according to the above is called the causal character
of the vector v.

This terminology matters because it connects to the idea of causality in physics,
which is about how events can affect one another. In special relativity, nothing can
travel faster than light, setting a speed limit for information. Picture y as a path
in Minkowski spacetime—Iike the trail of something moving, such as a particle, a
spacecraft, or a beam of light. The speed of this object compared to light depends
on the “causal character” of y, the tangent vector showing its direction and speed
in this space. If y is timelike, the object moves slower than light; if y is lightlike,
it moves exactly at light speed; and if y is spacelike, it would imply moving faster
than light, which isn’t possible for physical objects but can describe mathematical
paths.

In Minkowski spacetime, a vector v = (v0,17) e R""! where 7 € R", is mea-
sured using the expression g(v,v) = —(vy)? +[v]?. Here, |7] is the usual length of the
spatial part v, like the distance in regular space. We classify v based on this value:
it’s timelike if |vg| > [v], meaning the time part dominates; lightlike if [vo| = [v] = 0, so
they balance perfectly; and spacelike if |vy| < |v] or v = 0, where the spatial part is
larger or the vector is zero. The timelike vectors split into two groups: those with
vy > 0 (pointing toward the future) and those with vy < 0 (pointing toward the past).
Picking one of these groups decides what we call the “future” and “past”—this
choice is known as the time orientation. Below, we’ll explain these ideas further and
define the time orientation more clearly.

Lorentzian and semi-Riemannian Geometry
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Definition 1.17. Let (V,g) be a scalar product space and W C V be a subspace. Then
W is said to be spacelike ifg|w is positive definite, that is, ifg|w is nondegenerate of

index 0. Moreover, W is said to be lightlike ifg|w is degenerate. Finally, W is said to
be timelike ifg|W is nondegenerate of index 1.

By using Exercise 1.12, we can conclude that

Exercise 1.18. Let (V,g) be a Lorentzian scalar product space and W C V be a
subspace. Then W is timelike if and only if W+ is spacelike.

lightlike

timelike
R <
B A
S c,
8 =
o A

timelike

Figure 4: Causal Subspaces

Exercise 1.19. Some More problems from [O’N83].

1. Let B be a symmetric bilinear form on a vector space V. The nullspace of B
is N ={v:B(v,w) =0, Vwe V}. The nullcone of B is the set A of all null
vectors in V. Let A = A U{0}. Prove
(a) N is a subspace of V, but A is not unless A ={0}or A=1V.

(b) Bisnondegenerate if and only if N = 0; B is definite if and only if A = {0}.
(c) Bis semidefinite if and only if N = A.

2. Let g be a scalar product of index k on an n-dimensional vector space V.
Prove that there exists a subspace W of dimension min{k, n—k}, and no larger,

Lorentzian and semi-Riemannian Geometry
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on which g = 0.

3. Let V have indefinite scalar product g, and let B be a symmetric bilinear
form on V with corresponding quadratic form Q. Show that the following
conditions are equivalent.

(a) B=cg for some c € R,

(b) Q = 0 on null vectors,

(c) |Q| is bounded on timelike unit vectors,
(d) |Q| is bounded on spacelike unit vectors.

(Lecture—3 )

1.5 Timelike cones

Let (V,g) be a Lorentzian scalar product space of dimension n > 2 with a
Lorentzian scalar product g.

Proposition 1.20. The subset of the timelike vectors (resp. causal; lightlike if n > 2)
has two connected parts.

Proof. Let {eq,e,,...,e,} be an orthonormal basis of V, and v € V such that v =
i, vie;. Then it is clear that

v is lightlike — |v;| =

v is timelike < |v¢|> \ Zv

n
v is causal < |vq| 2\ E viz, vy 2 0.
=2

Therefore, in each case there exist two connected parts, the corresponding to v; <0
and the corresponding to v; > 0. ]

Definition 1.21. A time orientation of Lorentzian vector space is a choice of one of
the two timelike cones (or, equivalently, of one of the causal or lightlike cones). The

Lorentzian and semi-Riemannian Geometry
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chosen cone will be called future, and the other one, past.

From now on, the vectors in the future (resp. past) cone wil be called future directed
or future-pointing (resp. pat-directed or past-pointing) vectors.

Proposition 1.22. Two timelike vectors v and w lie in the same timelike cone if and
only if g(v,w) <0.

Proof. Without loss of generality, let us assume that ||v|| =1, and v can be completed
to an orthonormal basis {v,e,,e3,...,e,}. Observe that

w=—¢(V,w)v+ Zg (e;,wW)e;.
i=2

Then using the proof of Proposition 1.20, vand w are in the same cone if and only if
—g(v,w) > 0. [

Proposition 1.23. If v,w are timelike vectors in the same cone, then so is av + bw for
any a,b > 0. In particular, each timelike cone is convex.

Proof. Using Proposition 1.22, we have g(v,w) < 0. Consider,

g(av+bw,av +bw) = a’g(v,v) + 2abg(v,w) +b*g(w,w) < 0 (1.4)
g(v,av+bw) =ag(v,v) +bg(v,w) <O0. (1.5)

The Equation (1.4) implies the vector av 4 bw is timelike and Equation (1.5) implies
it belongs to the same cone. O

Reverse Inequalities

Theorem 1.24 (Reverse Cauchy-Schwarz Inequality). If v,w € V are timelike
vectors, then

(i) |1g(v,w)| > Ivllg-llwllg- Moreover, the equality holds if and only if v, w are colinear.

(ii) If v and w lie in the same cone, then there exists a unique ¢ > 0, called the
hyperbolic angle between v and w such that

g(v,w) = —|Ivllg - wllg cosh(¢).

Lorentzian and semi-Riemannian Geometry
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Proof. (i) Note that the inequality remains true if we take av for a > 0. So, without
loss of generality, we assume that g(v,v) = —1. Recall from Exercise 1.11, a
subspace W of V is nondegenerate if and only if V =W & W+, so we can write
V =Rv®{v}t. Let a € R and w( be such that w = av + w, with wy L v (that
means Wy is a spacelike vector, see Exercise 1.12). Then

g(v,w) =g (v,av+wy) = ag(v,v) +g(v,wo) = —a.
Since g(w,w) <0 and g(wg,wy) > 0, consider,

g(w,w) =a’g(v,v) + g (wo,wo) = —[g(v,w)]*> + g(wo, W)

- - [g(VzW)]z = —|g(w,w)| - g(wo,wy)
= [g(v,w)]?> = |g(w,W)| + g(wo,Wq) > |g(w,w)|
= |g(v,w)|* > |Iwllg = [Iwllg - [Ivll,,

since [[v]|; = 1.

It is clear that the equality holds if and only if g(wg, wg) = 0, that is, w = av,
that is, the vectors v and w are colinear.

(ii) If v,w lie in the same cone, then g(v,w) < 0 (Proposition 1.22). So the reversed
Cauchy-Schwarz inequality gives,

[vllg - [Iwllg

Since cosh is a bijection from [0,00) to [1,00), so we get unique ¢ > 0 such that

g(v,w) = —|Ivllg - [wllg cosh(¢).

Theorem 1.25 (Reversed Triangle Inequality). Let v,w € V are timelike vectors in
the same cone, then
v+ wllg > [[vllg + [lwll

and the equality holds if and only if v,w are colinear.

Proof. Using Theorem 1.24, we observe that
v+ w||§ =—-g(v+w,v+w) (Proposition 1.23)
— —g(v,v) = 28(v,w) - g(w,w)
= ||V||§ + ||W||§ +2|g(v,w)| (Proposition 1.22)
> ||vilz + [Iwllz +[Ivllg - lwllg  (Theorem 1.24)
= (Ilvg + IIwllgll)>.

Moreover, the equality holds if and only if |g(v,w)| = [Ivllg - [lwllg, which holds, by
Theorem 1.24, if and only if v and w are colinear. ]

Lorentzian and semi-Riemannian Geometry
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We now discuss some analogous properties of lightlike and causal cones.

Proposition 1.26. If u,w € V are lightlike vectors, then

{u,w} are linearly dependent <= g(u,w) = 0.

Proof. Since for any lightlike vector v, g(v,v) = 0, so it is clear that if the vectors
are linearly dependent then g(u,w) = 0. For the other side, let us assume that
g(u,v) = 0. Take a unit timelike vector v and decompose V as V = Rv & {v}+. Write

u=av+uy; and w=>bv+wy,
for unique a4,b € R and wg,ug € {v}*. Then,

g(u,w)=0 = g(av+uy,bv+wy) =0
— abg(v,v) + g(ug,ug) =0
— g(ug,wg) = ab.

Similarly,
g(ug,ug) = a° and g(wo,wy) = b°.

Since, g(awqy —bug,v) = 0, so awg — bug € {v}+ and hence spacelike. Now,

g(awg —bug,awq - bug) = a’g(wo,wo) — 2abg(woug) + b>g(ug,ug)
= a?b? - 2a%b*b%a® = 0.

This implies, awy — bug = 0. Note that a # 0 and b # 0 since u and v are lightlike.
Thus,

aw —bu = abv + awy —abv - buyg = awy—buy =0,

and hence, {u,w} are linearly independent. O]

Exercise 1.27. Show the following.

1. If u,w € V are two linearly independent vectors, then

u,w are in the same causal cone < g(u,w) <0.

2. The causal cones are convex.

Lorentzian and semi-Riemannian Geometry
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Proposition 1.28. If W <V, with dim W > 2, the following conditions are equiva-
lent.

(i) W is timelike,
(i1)) W contains two linearly independent lightlike vectors,

(iii) W contains one timelike vector.

Lorentzian and semi-Riemannian Geometry
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2 Semi-Riemannian Metrics

(Lecture—4 )

Definition 2.1. A semi-Riemannian metric tensor (or metric, for short) on a smooth
manifold M is a symmetric nondegenerate (0,2 )-tensor field g on M of constant index.

In other words, g smoothly assigns to each point p € M a symmetric nondegener-
ate bilinear form g(p) = g, : T,M x T,M — R such that the index r, of g, is the same
for all p. We call this common value r, the index r of the metric g. We clearly have
0<r<n=dimM. In case r =0, all g, are inner products on T,M and we call g a
Riemannian metric. In case r =1, and n > 2, we call g Lorentzian metric.

Remark. The requirement that the index r is chosen constant must be taken into
account only when M is not connected. Indeed, one can show that if g is degenerate
at every point, then the index is locally constant (see Lemma 2.2 below).

Lemma 2.2. Let M be a semi-Riemannian manifold with ¢ be a symmetric (0,2)-
tensor field on M. Then the set of all points where g is nondegenerate with index r,
0 <r<mnisopen.

Proof. Let
U ={p€eM:g,is nondegenerate of index r}.

If U = 0, then there is nothing to prove. Let us assume that U = (). Let p € U and
gy is nondegenerate of index r. Choose an orthonormal basis for (T,M,g,), say
B, ={ey,...,er,er11,...,€,} such that

( ) -1, ifl1<i<r
e ,e;) = ] _
SpiCi € 1, ifr+1<i<n.

Extend Bp to a local frame {X;,...,X;, X;11,...,X,} on a neighborhood U of p (that
is, Xj(p) = e;) and let g;; be functions on U defined by g;; = g(X;, X;) for 1 <i,j <n.
Since g, is nondegenerate at p, so det(g;;(p)) # 0 at p and hence in a neighborhood
of p. By shrinking U to this neighborhood, if necessary, we may assume that g,

is nondegenerate of some index r, at each point q € U. Since g;; are continuous

functions on U, we let €, = #ﬁ So, there exists a neighborhood U, of p such that

8ij(q) - &ij(p)l<ey Yr+1<i<nqgeU,

and
gij(g)l<ey izj,r+1<i<n qelU,.

Lorentzian and semi-Riemannian Geometry
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Let W, = span{XrH (4),---,Xu(q)}. We claim that for any x(=0) € W, g(x,x)>0.

Let us writex =) I, A;X;(q). Then
g(x,x) =g Z/\X Z/\X
i=r+1 i=r+1
n
= ) Aidg(Xi(9),X;(9))
1,j=r+1
n
= Z /\zgzz Z Aj /\]gl]
i=r+1 r+1<i<j<n
n
> Z A(1-ey)-2 Z [AillAjle
i=r+1 r+1<i<j<n
— Z 22 —e, Z 22 —26+Z|/\ ¥
i=r+1 i=r+1

>) Al-ey ) AT-el) ( A§+A]?
. . =

Z A7—e (247 4302, 4+ (n-r+1)A7)>0.
i=r+41

Similarly, one can show that there exists a neighborhood U_ of p such that g(x,x) <0
forxe W_ =span{Xi(q),...,X,(q)}. Let U= U, NU_. Then on U’, g, is positive
definite on W, and negative definite on W_. Thus, n—ry;>n—r and r, >r. This
implies r, =r, for g e U’. [

Definition 2.3. A semi-Riemannian manifold is a pair (M, g), where g is a metric
tensor on M. In case g is Riemannian or Lorentzian we call (M,g) a Riemannian
manifold or Lorentzian manifold, respectively.

& If (U,p)isa chart of M with coordinates ¢ = (xl,xz,...,x”) and natural basis

vector fields d; = a =%, we write,

i=(9,0;), 1<ij<n (2.1)

for the local components of gon V.

> Since ¢ is nondegenerate, at each point of U, the matrix ( 8ij (p)) is invertible

(by Lemma 1.6) and its inverse matrix is denoted by (gij (p)) By the inversion

formula, it is clear that (g"/(p)) is smooth on U and by symmetry of g we have
gl =g/t forall i and j.

Lorentzian and semi-Riemannian Geometry
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? Denoting the dual basis covector fields of d; by dx; we have

giU = Zgijdxi ®dx;.
i)j

Example 2.4. (i) Let M = R". For each p € R", there is a canonical linear
isomorphism from R" to TpM that, in terms of natural coordinates, sends v
to v, =} ;v;d;. This induces a metric tensor on M which we denote by

<Vp,Wp> =V -W= Zvl-wi.
i

Henceforth we will always consider R"” equipped with this Riemannian
metric.

(ii) For any integer 0 <r <,

r n
<Vp,Wp> = — Zviwi + Z ij]'

i=1 j=r+1

defines a metric on IR"” of index r. We will denote IR"” with this metric tensor
by R}.

(a) If r =0, then it is the Euclidean space.

(b) For n> 2, RY is called n-dimensional Minkowski space.

(c) If n =4, it is the simplest example of a spacetime in the sense of Einstein’s
general relativity.

-1, ifl1<i<r

Setting €; = _ _
1, ifr+1<i<n.

, the metric of R} takes the form

g = Zeidxi ®dx;.

All the properties that we have studied on scalar products can be applied to
every tangent space (T,M, g,).

A Lorentzian manifold (M, g) is said to be time oroiented if M admits a continu-
ous, nowhere vanishing vector field X.

 This vector field is used to separate the nonspacelike vectors at each point into
two classes called future directed and past directed vector fields.

Lorentzian and semi-Riemannian Geometry
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vz0
\ 4 \ 4 \ 4 \ 4
t'megike spacelike nonspacelike null
8<1V:V <0 g(v,v)>0 g(v,v) <0 g(v,v)=0

Figure 5: lorentzianVectors

* A space-time is a Lorentzian manifold (M,g) together with a choice of time
orientation.

Figure 6: Light Cone in 2d Space plus a Time Dimension

Given a way to get new smooth manifolds from old, there is often a correspond-
ing wat to derive a metric tensor on the new manifold from metric tensor on the
old.

Let N be a submanifold of a Riemannian manifold (M, g) with embedding
j : N < M. Then the pull back j*g of the metric g to the submanifold N is given by

(]'*g)p(vfw) = gj(p)(djp(v)ldjp(w)) = gp(V,W),

where in the final equality we have identified dj,(T,N) with T,N.Hence j*g,, is just
the restriction of g, to the subspace T,N of T,M. Since g is a Riemannian metric,
this restriction is positive definite ans so j*g turns N into a Riemannian manifold.
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However, if M is only semi-Riemannian manifold then the (0, 2)-tensor field
j*g on N need not be a metric. Indeed j*g is a metric and hence (N, j*¢) a semi-
Riemannian manifold if and only if every T,N is nondegenerate in T,M and the
index of T,N is the same for all p € N. Of course, this index can be different from
the index of g. These considerations lead to the following definition.

Definition 2.5. A submanifold N of a semi-Riemannian manifold (M,g) is called a
semi-Riemannian submanifold if j*g is a metric on N.

We now consider the product manifolds.

Lemma 2.6. Let M and N be semi-Riemannian manifolds with metric g,, and gy. If
1 and o are the projections of M x N onto M and N, respectively, let

g=1"(gm) + 0 (gn)-

Then g is a metric on M x N making it a semi-Riemannian product manifold.

Exercise 2.7. Proof Lemma 2.6.

Isometries

Definition 2.8. Let (M, gy) and (N,gy) be semi-Riemannian manifolds and ¢ :
M — N be a diffeomorphism. Then we call ¢ an isometry if ¢ preserves the metric,
that is, ¢*(gn) = guv- We call M and N are isometric.

More explicitly,
(dp(v),dp(w)) = (v, w)

for all v,w € TpM, p € M. Since ¢ is a diffeomorphism, every differential map
dp,: TyM — Ty(,)N is a linear isometry.

Remark. (i) It is easy to see that the identity map of semi-Riemannian manifold is
an isometry. A composition of isometries is an isometry. The inverse map of an
isometry is an isometry.

(ii) If V is an n-dimensional scalar product space with ind(V) = r, then V as a
semi-Riemannian manifold is isometric to RY.

Lorentzian and semi-Riemannian Geometry
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2.1 Levi-Civita Connection

Let x1,x5,...,X, be natural coordinates of R. If X and Y =} ; y;0; are vector fields
on R}, the vector field

DxY =) X(3:)
i=1

is called the covariant derivative of Y with respect to X. This definition uses the
distinctive coordinates of IR”, it is not obvious how to extend this definition to
an arbitrary semi-Riemannian manifold. We, therefore, begin by putting some
properties motivating from IR}. Let X(M) denotes the set of all vector fields on M.

Definition 2.9. A (linear) connection on a C* manifold M is a map
VXM)xE(M) > X(M), (X,Y)—> VxY
such that

V1) VxY is C®(M)-linear in X. That is, for any X;,X, € ¥(M) and f € C®(M), we
have
Ve el =g, 7 == 7\, T
V2) VxY is R-linear in Y, that is, for « € R and Y1,Y, € ¥(M),

VX(YI + CYY2) = VXYI + CYVXY2.
V3) VxY satisfies the Leibniz rule, that is, for any f € C®(M),
Vx(fY)=X(f)Y + fVxY.

We call Vx Y the covariant derivative of Y in the direction of X with respect to the
connection V.

(Lecture—S )

Our next goal is to show that on every semi-Riemannian manifold, there exists a
unique connection, (that will be called Levi-Civita connection) satisfying some extra
properties. Let QF(M) denotes the set of all k-forms on M.

Proposition 2.10. Let M be a semi-Riemannian manifold and X € X(M). Let
Xb e QY(M) such that

XP(Y)=(X,Y), YeX(M). (2.2)
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The function X + X is a C®(M)-linear isomorphism from (M) to Q' (M).

Proof. Let us denote the map by ¢ : ¥X(M) — Q' (M). It is easy to see that ¢ is
C®(M)-linear. We will now show that ¢ is an isomorphism.

Injectivity: Let ¢(X) = ¢(Y). This implies,
VZeX(M), (X,Z)=(Y,Z) = (X-Y,Z)=0.

We claim that if (X,Y) =0 for any Y € ¥(M), then X = 0. Since (X,Y) = 0, so for
any p € M, <Xp, Yp> = 0. Let ve T,M then we have

gp is nondegenerate

(Xpv)=0" = X,=0.

p
Since p is arbitrary, X = 0.

Surjectivity: Let w € Q! (M). Then we need to show that there exists X € X(M)
such that ¢(X) = w. At first we will deal this locally. Let (¢ = (xy,...,x,),U) is a
chart of M. So write

Define

Then,

Thus, by C*®(M)-linearity, ¢ (Xy) = a)|U.
Also, note that this is well-behaved with the change of charts. That is, for
any charts (¢ = (x1,...,x,),U) and ¥ = (v1,...,v,,), Vif UNV =0, then Xy

XV|UnV' Write,

unv

= Zwidxi and a)|V = Zu‘}jdyj
i j
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g, = Zgi]-dxi@dxj and g|V = Zg_ijdyi@’dyj'
1,] b

At first we show that } ; ]g Jw;-2- ax =) ]g ;-2 a . Recall that dx; =} ; %d;}i. So,

w|UﬂV Zw dx; = Zw] ]dyl Zw dy; = w; = Zwm To;

9xk 0
We also recall that a =) T I This,

_ axk axl

87 = (ayz a3’]) (Z dy; oxi’ Zay] axl]
. 8xk 8xl % %
- = y; ang dx;’ dx;

axk

So, by setting A = (ay;) = (ay ) we obtain

. N y; '
(87) = 4'(si)4 = (g7) =47 (s)(a") = gii= Zafik e

Finally, we obtain

8})1 kl ] axm axn 0
ij
Zg wla Z 8xk 83)1 dy; dx,

mn
= w .
Zg m 9xn
m,n

Therefore, XUlUnV = XVlUmV'

Finally, we will use partition of unity to patch them up. Choose a cover
U ={U; :i e} of M by charts neighborhoods and a subordinate partition of unity

(xi); such that supp(x;) C U;. For any Y € X(M), we then have

<X,Y>:<X,ZX1‘ > Z(X x;Y)= Z<X|U'Xl >
_Zw|Ui(XiY)_Zw(XiY)_w[ZXiY]_

Thus, in semi-Riemannian geometry, we can identify a vector field into a one-form

and vice-versa. We now will prove the existence of a special connection.
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Theorem 2.11 (Fundamental Theorem of semi-Riemannian Geometry). Let (M, g)
be a semi-Riemannian manifold. Then there exists a unique connection V on M such
that V satisfies (V1) — (V3) and for any X,Y,Z € X(M),

V4) [X,Y] =VxY —VyX (Torsion Free)
V5) Z{X,y) =(VzX,Y)+(X,VzY) (Metric Compatibility).

The connection V is called Levi-Civita connection of (M, g). It is uniquely deter-
mined by the Koszul formula

2(VxY,Z) = X(Y,Z)+ Y(Z,X) - Z(X,Y)

—(X,[Y,Z]) +(Y,[Z,X]) +(Z,[X,Y]). (2.3)

Proof. |Uniquenss | Let

F(X,Y,Z):=X(Y,Z)+ Y(Z,X) = Z(X,Y)
—(X,[Y,Z])+{Y,[Z2,X])+{Z,[X,Y]).

Using Koszul formula (2.3), and V4 & V5, we have

F(X,Y,Z) = (VxY,Z)+ (Y, VyZ)+(VyZ,X)+(Z,VyX)
- —(X, VY)Y =(X,VyZ)+ (X, V,Y)
+ — (Y Vi Z)+{Z,VxY)=(Z,VyX)

— 2(VyY,Z).

Now by the injectivity of ¢ (in Proposition 2.10), VxY is uniquely determined.

Given X,Y € ¥(M), the mapping w : Z — F(X,Y,Z) is C*(M)-linear.
Thus, @ € Q! (M) and by Equation (2.3), there exists a unique vector field which we

call VxY such that
2(VxY,Z):=F(X,Y,Z), VY ZeX(M).

Now it remains to show that VxY satisfies (V1) — (V5). N

Exercise 2.12. Check VY satisfies (V1) — (V5).

Lemma 2.13. Let U C M be open and X,Y,Xq,X,,Y1,Y, € X(M). Then we have

(i) X;|, =X, = |U2 — (VXIY)|U = (VXZY)|U.
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(i1) Y1|U=Y2= |U2 — (VXY1)|U: (VXY2>|U-

2.2 Christoffel Symbol

Definition 2.14. Let (¢ = (x3,...,%,),U) be a chart of a semi-Riemannian manifold

M. The Christoffel symbols with respect to @ are the C*-functions l“].lk U —->R
defined by
Z O, 1<ij<n
Note. Since . )
Vaia]' —Va].ai = [81,8]] =0 = I‘l] = I‘]l
Proposition 2.15. Let M be a semi-Riemannian manifold and (¢ = (xq,...,x,),U)

be a chart of M. Let Z =737 ,2;0; € X(U). Then

(Z) Va Z] 1 ] ] Zk ](aZk Z] 1 1] ])akl

(i) Tff = 3 L 1g"m(a§ij” + Y 28 )

0x,,

Proof. (i) This is immediate from Leibniz rule (V3).

(ii) Apply the Koszul formula (Equation (2.3)) by taking X = d;,Y = d; and Z = d,,.

Then brackets are zero and hence,

Zjm ., Igim _ 98ij
2(V9,9;9m) = 5 Tk T ax

By the definition of Christoffel symbols,

2<Vaia],’a = 2<ZF”8 0 > - 2<V88 om/] — zzrzjgam

Multiplying by Y, ¢" leads to the required result, that is,

rk i m [ 98jm agim_agif
11 2 ox; 8x]- 0%, |
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Lemma 2.16. For X,Y € ¥(R}) with Y =) ;y;0;, let

VxY = ZX(%')ai-

Then V is the Levi-Civita connection on R} and in natural coordinates on R}, we
have

(Z) gz] = (51']'6]', where 6]' =

-1, ifl1<j<r;
1, ifr+1<j<n,

(i1) I’ij =0

forall 1 <i,j,k <n.

Definition 2.17. A vector field X on (M, g) is said to be parallel if VxY = 0 for all
Y eX(M).

Example 2.18. The coordinate vector fields in IR} are parallel. For any Y =
2ivi0i
Vy8] = Z%Vaﬁ] = 0.
i

Exercise 2.19. In R7, a vector field is parallel if and only if it is constant, that is,

VyX=0 VY < X = constant.

Example 2.20 (Cylindrical Coordinates in R?). Let (x,v,z) = (rcos¢,rsin ¢, z)
be the usual cylindrical coordinates in IR3. Actually, the above one is a chart on
R>\ {x > 0,y = 0} with an inverse defined by (7, ®,z) > (rcos ¢, rsin¢,z). Hence,
we have

dy = cos pdy +sinpd,,
8(P =rU, where U = —sin @d, + cos q08y,
d,=0,.
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SN

Figure 7: Cylindrical Coordinates

X

Setting y; = r,v, = ¢,y3 = z, we obtain
J11 — <ar18r> =1,
822 = <8(p; a(p) = 7’2

833 = (05,d,) =1,
gij=0, foralli=j.

So, we have
1 0 0 B 1 00
(gz]) =[0 2 0 and (¢") =10 :—2 0
0 0 1 0 0 1

and hence,

8§ = Zgijdyi ®dy; =dr®dr+ r’dp®de +dz®dz.
i,j

d,,d,} is orthonormal and hence

By looking at the matrix (g;;), we have {d,,d,,
(r,¢,z) is an orthogonal coordinate system. For the Christoffel symbols we find

1 D )
Lyp=-r I, =15 =7

and other FJ; = 0. Hence we have V;,d; = 0 for all i, j except

N |

Va(pa@ = -rd,, and V(pq)&r = Vara(P = 8(,) =U.
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By Figure 7, we see that d, and d,, are parallel if one moves in the z-direction. We
hence expect that V; d, = 0 =V,_d,, which also verified from our calculations.
Moreover, d, is parallel since it is a coordinate vector field in the natural basis of
IR3.
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Appendix

Let M is a smooth manifold and p € M. Let M has a chart (¢ = (x1,x5,...,%x,),U),
that is x; : U — IR. One of the charts that will be used for sphere is the following:

U, = $"\ ((1,0,0,...,0))
1
i‘l—XO

@y U, >R, (x0,%1,...,%,) (X1, %) -

The charts are (¢, U, ) and (¢_,U_).

© Tangent Space: The tangent space T,M at p is the vector space of all tangent
vectors to M at p. A tangent vector is defined via a smooth curve y : (-€,€) > M
with y(0) = p. Two curves y;,y, are equivalent if, in a local chart (U, ¢)
around p, their ﬁierivatives satisfy %cj}(y/l (t))|t:O = d%(p(yz(t))hzo. The tangent
space T,M consists of all such equivalence classes, with vector space operations
defined via the chart.

Alternatively, T,M can be defined as the vector space of all derivations at
p. A derivation at p is a linear map D : C*(M) — R satisfying the Leibniz
rule: D(fg) = f(p)D(g) +g(p)D(f) for all f,g € C®°(M), where C*(M) is the
algebra of smooth functions on M. Each derivation corresponds to a tangent
vector, and T,M is the set of all such derivations.

1. T,R" =R". (Ex: Give a natural isomorphism from T,RR" into R")
2. T,8" ={veR"t:p.v=0}.

3. If fF: M — N is a smooth map, then it induces a map on the tangent space:
dF,: T,M — TN,

called the differnetial of f at p. Givenv € T,M, we let dF,(v) be the derivation
at F(p) that acts on f € C*®(N) by the rule dF,(v)(f) =v(f oF).

4. The differential of a map between Euclidean spaces. Let F : R" — R" be a
smooth function and p € R". Let xy,...,x, be the coordinates on R" and

V1,--.,Vm the coordinates on R™. Then the tangent vectors {9%1 (p),..., %(p)}
forms a basis for the tangent space T,IR" and {aiyl(F(p)), . ayim(l:(p))} forms

a basis for the tangent space Tp(,)grm. The linear map dF, = F, : T,R" —

Tr(p)R™ is described by a matrix |4;;] relative to these two bases:

de(%(p)) —~ Zajka%(f“(p))-

k
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5. The chain rule. let F : N - M and G : M — P be smooth maps of manifolds,
and p € N. The differential are

dF dGF(p)

TpN LN Tp(p)M —_ TG(F( ))P

p

Then,
d(Go F)p = dgp(p) o de.

6. Bases for the tangent space at a point. If (¢ = (xq,...,x,),U) is a chart on M

containing p, then the tangent space T,M has basis {aixl(p), o %(p)} To
understand this locally, let (rq,...,7,) is the standard coordinate chart on R".

Since ¢ : U — R" is a diffeomorphism, the differential
d(l)p : TpM - T(P(p)]Rn

is a vector space isomorphism and d¢ (%(p)) 9 (¢(p)). Since {-2 J )

- a—rz 8_1’1' ey 8_1’,4
is a basis for the tangent space Ty (,)R" and d¢, is a vector space isomor-

phism, {aixl(p) ?_(p)} is a basis for T,M.

,-..)aXn

© Tangent Bundle: The tangent bundle of a manifold M is the union of all the
tangent spaces of M:
™ := | | T,M.
pEM

If M is smooth manifold of dimension n, then TM is a smooth manifold of
dimension 2n.

© Vector bundles and section: Any surjective map 7 : E — M of manifolds is said
to be locally trivial of rank r if

(i) each fiber 7! (p) has the structure of a vector space of dimension r;

(ii) for each p € M, there exists an open neighborhood U of p and a fiber-
preserving diffeomorphism ¢ : 7! (U) — U x R such that for any g € U,
the restriction

Pl 17 (@) > (g} xR

is a vector space isomorphism.

A C® vector bundle of rank r is a triple (E,M, ) consisting of manifolds E, M
and a surjective map 7 : E — M that is locally trivial of rank r. The tangent
bundle is a vector bundle over M. A section of a vector bundle 7 : E - M is a
map s : M — E such that wos = id);, the identity map on M.

© Partition of Unity: A C® partition of unity on a manifold is a collection of
nonnegative C* functions {x, : M — R},c4 such that
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(i) the collection of supports, {suppxas}aca, locally finite,
(ii) Za Xa=1.

Given an open cover {U,},ca of M, we say that a partition of unity {x,}seca is
subordinate to the open cover {U,} if suppx, C U, for every a € A.

© Vector Field: A vector field X on a manifold M is the assignment of a tangent
vector X, € T,M to each point p € M.More formally, a vector field on M is a
section of the tangent bundle TM of M. A vector field is smooth if the map
X :M — TM is smooth as a section of the tangent bundle. In a coordinate chart
(p = (x1,...,x,),U) on M,

X(9) =Xy = Y_ai(p) 3 (o),

=1

where a; : U — IR. A vector field X on U is smooth iff the coefficient functions a;
are all smooth on U. By the derivation definition of the tangent space, given any
smooth function f and a vector field X on M, we define X f to be the function

XNB)=X,(F) =Y a(p) 5, pem

: i
i

The vector field X is smooth for every smooth function f on M, the function X f
is smooth.

© The Lie Bracket: Let X and Y be two smooth vector field on an open subset U
of a manifold M. We view X and Y as derivations on C*®(U). We define their
Lie bracket [X,Y] at p to be

X, Y],f = (X,Y -Y,X)f, feC™(U).

© Differential 1-Forms: Let M be a smooth manifold and p € M. The cotangent
space of M at p, denoted by T;M, defined to be the dual space of the tangent
space TpM, that is,

LM ={f:T,M > R: f is linear }.

An element of the cotangent space T;M is called a covector at p. Thus, a covector
wp at p is a linear function w, : T,M — R. A differential 1-form, or simply a
1-form on M is a function w that assigns to each point p € M a covector w, at p.
If f is a C*™ real-valued function on a manifold M, its differential is defined to be
the 1-form df on M such that for any p € M and X, € T, M,

(df)p(Xp) - pr-

If (¢,U) is a coordinate chart on M, then the differentials dxy,...,dx, are 1-
forms on U and the covectors (dx)p,...,(dx,), form a basis for the cotangent
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dJ d
Xn

space T;M dual to the basis a—xl(p),..., 5—(p) for the tangent space. A local

expression for d f can be given as

n
of
df = ) =—.
f Z axl-
i=1
Similar to the tangent bundle, we have the cotangent bundle T*M defined as

T*M = U TyM.
peEM

In terms of the cotangent bundle, a 1-form on M is simply a section of the
cotangent bundle. In a coordinate chart (¢, U),

n

wp =Y ai(p)(dx),.

i=1
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